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1 Introduction
Landau problem is a very good example to understand noncommutativity. Usually people study
it by introducing noncommutating coordinates by hand or by introducing noncommutating
momenta due to the peculiar structure of canonical momenta which depends on the magnetic
field. Various interesting points of this problem has been studied both from theoretical[1]
and from phenomenological[2] point of view. However in this paper the embedding method
of Batalin-Tyutin[3] is followed. This is done to understand the noncommutativity which
arises even in classically in the generalized version Landau problem where a charged particle is
subjected to an additional quadratic potential with the usual constant magnetic field. Perhaps
this explains the noncommutativity of the problem.
The paper is organized as follows
In section 2 a brief review of generalized Landau problem is given. In stead of giving a
theory on quantum mechanical representation[4] we stressed on the noncommutating Poisson’s
bracket structure.
Section 3 is dedicated to show the dual nature of different types of noncommutative structure
from Batalin-Tyutin[3] point of view. This dual nature is shown to be a consequences of different
gauge choices. An interesting discussion for a simpler model is given in [5].
In section 4 we obtain a mapping between the generalized Landau problem and chiral oscil-
lator for constant parameters. To make this possible both equations of motion and Poisson’s
brackets are compared.
Special cases are discussed in section 5 to show that the noncommutativity in the coordinates
or in the momentum is actually a dual description of a more general type of noncommutativity.
In this way we re-establish the duality of the problem shown in section 2.
∗E-mail: saurav@bose.res.in
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In section 6 generalized Landau problem is discussed for non constant magnetic field. Instead
of giving a mapping, Poisson’s bracket structures are throughly analyzed. It reproduces the
result obtained by the symplectic method[6] and also gives a physical realization of the general
group theoretical structure discussed in[7].
Finally section 7 is for conclusions.
2 The Model: Generalized Landau Problem
The classical equations of motion for an electron of charge e moving in the x1−x2 plane under
the influence of a constant perpendicular magnetic field B are,
mx¨i =
e
c
Bǫij x˙j . (1)
The above equations of motion follow from the Lagrangian,
L =
m
2
x˙2i +
e
2c
Bǫijxix˙j . (2)
The canonical momentum is
pi =
∂L
∂x˙i
= mx˙i − e
2c
Bǫijxj (3)
while the Hamiltonian is
H =
π2i
2m
=
1
2m
(
pi +
e
2c
Bǫijxj
)2
. (4)
Now we generalize the Landau problem by introducing an oscillating potential with spring
constant k in the x1 − x2 plane. The equations of motion are1
mx¨i − Bǫij x˙j + kxi = 0. (5)
It is convenient to express the second order system in its first order form. Furthermore following
’t Hooft[8] let the equations of motion of a system q˙i = {qi, H} = fi(q), be a function of
position alone. Then denoting pi as the conjugate momenta, we note that the Hamiltonian
H = Σipifi(q) does not have a lower bound. A positive-definite function ρ, considered as the
physical Hamiltonian can be constructed such that {ρ,H} = 0. But this change from the
original (unbounded) Hamiltonian H to the bounded positive (semi) definite Hamiltonian ρ
leads to a modified algebra that can be obtained as follows[9]:
q˙i = {qi, ρ} = {qi, qj}∂jρ(q). (6)
To reproduce the original set of equations of motion, obviously one should take
{qi, qj}∂jρ(q) = fi(q), (7)
leading to a nontrivial algebra of qi, eventually leading to noncommuting structures.
Now the noncommutativity of the generalized Landau problem appears by writing the second
order system into a pair of first order equations by doubling the degrees of freedom[9]. Consider
the pair of first order equations
x˙i = αqi + βǫijxj (8)
q˙i = ωxi + λǫijqj (9)
which lead to the Landau type equations in both xi and qi[9],
r¨i = (β + λ)ǫij r˙j + (βλ+ αω)ri, ri = xi, qi. (10)
1We have rationalized e = c = 1.
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By identifying,
B
m
= (β + λ) (11)
and
k
m
= −(βλ+ αω) (12)
eq. (10) is regarded as a generic version of eq. (5). Following ’t Hooft, a Hamiltonian[9] is
constructed,
H = (αqi + βǫijxj)π
x
i + (ωxi + λǫijqj)π
q
i (13)
where (xi, π
x
i ) and (qi, π
q
i ) are canonical pairs. The equations of motion r˙i = {ri, H} just yields
eqs. (8) and (9). As usual, this H is not bounded from bellow. A positive definite ρ, commuting
with H has to be obtained. This ρ gets identified with the physical Hamiltonian[8]. A natural
choice satisfying {ρ,H} = 0 is
ρ =
q2
2m
+
1
2
kx2, q2 = q2i and x
2 = x2i (14)
where
α = − ω
km
. (15)
The corresponding algebra is
{xi, xj} = β
k
ǫij , {xi, qj} = −ω
k
δij , {qi, qj} = mλǫij . (16)
This algebra leads to noncommuting structures for both xi and qi so that the equations of
motion (8) and (9) can be reproduced from r˙i = {ri, ρ} ri = xi, qi. Now we are in a position to
construct the Lagrangian for this generalized Landau problem. The physical concept behind
this construction is given in [10].
First a Λ matrix is constructed from the basic brackets (16)
Λij = [{Γi,Γj}] ,Γ = (x, q)
=
(
β
k
ǫij −ωk δij
ω
k
δij mλǫij
)
Its inverse is
Λij =
k
ω2 −mkβλ
(
mkλǫij ωδij
−ωδij βǫij
)
. (17)
Using eqs. (15) and (12) it can be shown ω2 −mkβλ = k2. So one can write eq. (17) as
Λij =
1
k
(
mkλǫij ωδij
−ωδij βǫij
)
. (18)
The Lagrangian is therefore,
L =
1
2
ΓiΛ
ijΓ˙j − ρ(Γ)
=
1
2k
(mkλǫijxix˙j + βǫijqiq˙j + ωxiq˙i − ωqix˙i)− ( 1
2m
q2i +
k
2
x2i ). (19)
This was the result obtained in [9] exactly in the same way. The equations of motion derived
from above Lagrangian are compatible with (8) and (9). Since (8) and (9) reproduced (10),
this Lagrangian is also compatible with (10) and classically they are equivalent. Of course xi
and qi satisfy the same equation of motion (10) and hence there is a symmetry between them.
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3 Noncommutativity from Batalin-Tyutin Framework
In the Batalin-Tyutin[3] formalism the original system which contains the second class con-
straints is embedded in an enlarged phase space i.e. new auxiliary variables are introduced
with the physical degrees of freedom in such a way that the redefined constraints are first
class and hence the resulting system is gauge invariant. Then one can construct the first class
Hamiltonian from the idea of improved function. A short summary of this theory is given in [5].
In general due to the non-linearity in the second class constraints, the improved function may
take the form of infinite series. Such situation has been encountered in [11]. Finally physical
degrees of freedom are recovered by imposing gauge conditions. Systems of different structure
result from different gauge choices, though they are all gauge equivalent.
The Lagrangian given by eq.(19) contains the following constraints
Ω1i = π
x
i +
1
2k
(mkλǫijxj + ωqi) ≈ 0 (20)
Ω2i = π
q
i +
1
2k
(βǫijqj − ωxi) ≈ 0. (21)
The commutator matrix for the above constraints is given by
ΩXYij = {ΩXi ,ΩYj };X, Y = 1, 2 (22)
=
1
k
(
mkλǫij ωδij
−ωδij βǫij
)
. (23)
Since the constraint matrix is nonsingular, according to Dirac’s classification[12] (20) and (21)
are second class constraints. The relevant Dirac brackets are
{xi, xj}⋆ = β
k
ǫij , {xi, qj}⋆ = −ω
k
δij, {qi, qj}⋆ = mλǫij (24)
which reproduces (16). This algebra shows a more general type of noncommutativity than that
of [5] where momenta-momenta bracket is zero.
In order to convert the second class constraints (20) and (21) into first class constraints a
canonical set of auxiliary variables is introduced
{φXi , φYj } = ǫXY δij ; X, Y = 1, 2. (25)
Now we define the following constraints
Ψ1i = Ω
1
i + A(φ
1
i + ǫijφ
2
j) (26)
Ψ2i = Ω
2
i + Cφ
2
i +Dǫijφ
1
j (27)
where
A =
(
mλ
2
)1/2
, C =
(
1
2mλ
)1/2 (
1− ω
k
)
, D =
(
1
2mλ
)1/2 (
1 +
ω
k
)
. (28)
These values of the coefficients are chosen in such a way that{ΨXi ,ΨYj } = 0 i.e. (26) and (27)
can be made first class constraints. Also note that A(C +D) = 1.
To obtain the first class Hamiltonian we begin by constructing the improved variables[5].
Improved variables are first class counterparts of the original variables xi and qi. These are
given by
x˜1 = x1 + Cφ
2
1 −Dφ12, x˜2 = x2 +Dφ11 + Cφ22
q˜1 = q1 + A(φ
2
2 − φ11), q˜2 = q2 −A(φ12 + φ21)
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where A,C and D are given by (28). One can easily check
{r˜i,ΨXi } = 0; r˜i = x˜i, q˜i (29)
so that they are first class indeed. They satisfy the algebra
{x˜i, x˜j} = β
k
ǫij , {x˜i, q˜j} = −ω
k
δij , {q˜i, q˜j} = mλǫij (30)
which mimics (24) and is a consequence of a general theorem[3] which states that {A˜, B˜} =
˜{A,B}⋆.
Any function of the phase space variables can be made first class by the following transfor-
mation
F (x, q)→ F˜ (x˜q˜) = F (x, q)|x=x˜,q=q˜ . (31)
Hence the first class Hamiltonian is given by,
H˜ =
1
2m
q˜i
2 +
k
2
x˜i
2. (32)
It is interesting to note that the equations of motion are form invariant i. e. improved variables
satisfy the same equations of motion (8) and (9). This is just a result of the form invariance of
the Hamiltonian and the algebra among the basic variables.
In the enlarged space different gauge conditions can be chosen to show the different types of
noncommutative structures. For example in the unitary gauge
Ψ3i = φ
1
i ≈ 0, Ψ4i = φ2i ≈ 0 (33)
we get back the original physical subspace with the algebra (24).
Next, we choose gauge condition such that {xi, qj}⋆ = δij in which case these variables may
be regarded as canonical pairs. In one gauge we obtain noncommuting momenta while in the
other, noncommuting coordinates are found. Let us choose the gauge conditions,
Ψ3i = sxi + qi − Aφ1i + A
√
D/Cǫijφ
1
j −A
√
C/Dφ2i + Aǫijφ
2
j ≈ 0 (34)
Ψ4i = xi + (l/2A+
√
CD)φ1i −Dǫijφ1j
+ Cφ2i + (l/2A−
√
CD)ǫijφ
2
j + lǫijxj ≈ 0 (35)
where A,C and D are given by the expressions (28) and s, l will be fixed later.
Now the constraint matrix is calculated
Ψµνij = {Ψµi ,Ψνj} = ∆µνδij + Eµνǫij (say); µ, ν = 1, 4. (36)
The nonzero matrix elements are given below
∆13 = −
√
−mkλ
β
− s, ∆24 = lω
mkλ
−
√
− β
mkλ
∆34 = l
√
− k
mβλ
, E44 = − l
2
mλ
.
So the constraint matrix takes the form
Ψµνij =


0 0 ∆13δij 0
0 0 0 ∆24δij
−∆13δij 0 0 ∆34δij
0 −∆24δij −∆34δij E44ǫij

 (37)
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whose inverse is
Ψ
(−1)µν
ij =


0 ∆34
∆13∆24
δij − 1∆13 δij 0
− ∆34
∆13∆24
δij
E44
∆2
24
ǫij 0 − 1∆24 δij
1
∆13
δij 0 0 0
0 1
∆24
δij 0 0

 (38)
The relevant Dirac brackets are
{xi, xj}⋆ = 0, {qi, qj}⋆ = E44
∆224
ǫij , {xi, qj}⋆ = ∆34
∆13∆24
δij . (39)
Moreover if we assign the following values of the coefficients,
l =
√
−mβ
kλ
(
ω
kλ
−
√
− m
λB
)
−1
(40)
s = −
√
kB
β
−
√
−mkλ
β
(41)
we get the algebra
{xi, xj}⋆ = 0, {xi, qj}⋆ = δij , {qi, qj}⋆ = Bǫij . (42)
This yields the standard commutative Landau model algebra where the bracket among the
momenta gives the magnetic field.
Alternatively, we choose the following gauge constraints
Ψ3i = qi − Aφ1i − (A
√
D/C + l/2C)ǫijφ
1
j
+ (A
√
C/D − l/2D)φ2i + Aǫijφ2j + lǫijqj ≈ 0 (43)
Ψ4i = vxi + qi − v
√
CDφ1i −Dvǫijφ1j + Cvφ2i + v
√
CDǫijφ
2
j ≈ 0. (44)
Using the same notation (36) the expressions of the nonzero matrix elements are written
below
∆13 =
√
−mkλ
β
+
lk
β
, ∆24 = v
√
− β
mkλ
− 1
∆34 = −vl
√
− k
mβλ
, E33 = − l
2k
β
.
So the constraint matrix takes the form
Ψµνij =


0 0 ∆13δij 0
0 0 0 ∆24δij
−∆13δij 0 E33ǫij ∆34δij
0 −∆24δij −∆34δij 0

 (45)
whose inverse is
Ψ
(−1)µν
ij =


E33
∆2
13
ǫij
∆34
∆13∆24
δij − 1∆13 δij 0
− ∆34
∆13∆24
δij 0 0 − 1∆24 δij
1
∆13
δij 0 0 0
0 1
∆24
δij 0 0

 (46)
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The Dirac brackets are now given by
{xi, xj}⋆ = E33
∆213
ǫij , {qi, qj}⋆ = 0, {xi, qj}⋆ = ∆34
∆13∆24
δij . (47)
If we assign the following values of the coefficients,
v =
(√
− β
mkλ
+
√
B
m2kλ
)
−1
(48)
l =
√
−mβλ
k
(√
−mβ
B
− 1
)
−1
(49)
then we get the algebra
{xi, xj}⋆ = B
km
ǫij , {xi, qj}⋆ = δij , {qi, qj}⋆ = 0. (50)
This is the noncommutative Landau model with usual momenta algebra. We thus conclude
that the standard (commutative) and noncommutative Landau models are dual aspects of the
same parent model.
4 An Alternative Approach Based on Doublet Structure
The original model (19) has two sets of variables. It is possible to express this by a doublet
of models with each one having a single set of variable. This doublet structure is basically the
soldering formalism discussed in various papers. A detail discussion with applications is given
in [13]. Consider the Lagrangians
L+ = −1
2
ǫijziz˙j − ω+
2
z2i (51)
L
−
=
1
2
ǫijyiy˙j − ω−
2
y2i (52)
where we take ω+ and ω− to be greater than zero.
The equations of motion following from (51) and (52) are
z˙i = ω+ǫijzj (53)
y˙i = −ω−ǫijyj (54)
while the brackets are[9]
{zi, zj} = −{yi, yj} = ǫij . (55)
They represent the motion of one dimensional (chiral) oscillators rotating in the clockwise
and anticlockwise directions. Suitable combination of these chiral oscillators leads to a two-
dimensional oscillator which has been studied in [14] in the context of Zeeman effect. Here our
motivation is to define two variables xi and qi from the chiral oscillator variables yi and zi in
such a way that xi and qi satisfy the correct equations of motion and algebras of the generalized
Landau problem.
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4.1 Mapping between the equations of motion
We make an ansatz
xi = azi + bǫijzj + cyi + dǫijyj. (56)
Now using eqs. (8), (53) and (54) one can write qi in terms of yi and zi
qi =
1
α
(β − ω+)(bzi − aǫijzj) + 1
α
(β + ω
−
)(dyi − cǫijyj). (57)
Taking the time derivative of above eq. and using the eqs. (53) and (54)
q˙i =
ω+
α
(β − ω+)(azi + bǫijzj)− ω−
α
(β + ω
−
)(cyi + dǫijyj). (58)
Again using eqs. (56) and (57) in eq. (9) we obtain
q˙i = azi{ω+ λ
α
(β−ω+)}+bǫijzj{ω+ λ
α
(β−ω+)}+cyi{ω+ λ
α
(β+ω
−
)}+dǫijyj{ω+ λ
α
(β+ω
−
)}.
(59)
So consistency between (58) and (59) demands
β = −λ + (ω+ − ω−) (60)
ω =
1
α
(λ+ ω
−
)(λ− ω+). (61)
From the above two equations, using (11), (12) and (15) we can show
B = m(ω+ − ω−), k = mω+ω−. (62)
This important result shows that magnetic field appears as the difference whereas the spring
constant is is a product of the chiral frequencies.
4.2 Mapping between the algebra
Using the definitions of xi and qi from eqs. (56) and (57) we get
{xi, xj} = (a2 + b2 − c2 − d2)ǫij = β
k
ǫij (63)
{qi, qj} = 1
α2
{(β − ω+)2(a2 + b2)− (β + ω−)2(c2 + d2)}ǫij = mλǫij (64)
{xi, qj} = 1
α
{−(β − ω+)(a2 + b2) + (β + ω−)(c2 + d2)}δij = −ω
k
δij (65)
where we have used (55) and consistency with the algebra (16).
The above three equations are not independent. From the last two equations, using (60) and
(61) one can obtain the following relations
a2 + b2 =
ω+(ω+ − λ)
k(ω+ + ω−)
, c2 + d2 =
ω
−
(ω
−
+ λ)
k(ω+ + ω−)
. (66)
These pair of equations give the expressions so that variables of the generalized Landau problem
can be defined in terms of the chiral variables with the help of eqs. (56) and (57). The
interesting point is that the coefficients a, b, c and d are not completely determined. Different
choices subject to (66) can be made which exactly reproduce the results for different gauge
fixings.
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5 Special Cases
In [9], using the soldering method author obtained different noncommutative structures. Here
those results are shown to be special cases of a more general mapping obtained in the previous
section.
We note that eqs. (11), (12) and (15) already give severe restrictions on the parameters
α, β, ω and λ. In order to give them specific values we set ω = −k so that {xi, qj} = δij. Now
eq. (15) implies that this choice of ω fixes the value of α as α = 1
m
. Using these values of ω
and α we get βλ = 0 from eq. (12). That means either β or λ is zero. In the following two
subsections these situations are studied separately.
5.1 Case 1
We consider β = 0 first. Then from eq. (11) λ = B
m
. Let us now collect the special values of
the parameters mentioned so far
α =
1
m
, β = 0, ω = −k, λ = B
m
(67)
For the parameters (67), the basic brackets followed from (16) are given by,
{xi, xj} = 0, {xi, qj} = δij , {qi, qj} = Bǫij . (68)
This structure is same as (42) and corresponds to the conventional Landau algebra.
Now to find the connection with the chiral oscillator problem, we take eqs. (60) and (66).
From eq. (60) we can choose either β or λ independently. We make the choice β = 0. This
implies that λ is fixed by the relation,
λ = ω+ − ω−. (69)
Using the above equation we get from (66),
a2 + b2 = c2 + d2 =
ω+ω−
k(ω+ + ω−)
. (70)
Again as mentioned earlier a, b, c and d are not uniquely determined by the eq. (70). Different
choices can be made from the two parameters class of solutions. One can take the symmetrical
combination where a, b, c and d are all equal. But to proceed further we make the following
asymmetrical choice
b = d = 0 and (71)
a = c =
(
ω+ω−
k(ω+ + ω−)
)1/2
= χ(say)
so that eqs. (56) and (57) imply
xi = χ(zi + yi) (72)
qi = mχǫij(ω+zj − ω−yj). (73)
Now using eqs. (55) the basic brackets are easy to calculate
{xi, xj} = 0 (74)
{xi, qj} = mω+ω−
k
δij (75)
{qi, qj} = mω+ω−
k
m(ω+ − ω−)ǫij . (76)
This algebra is compatible with (68) under the identifications (62). Thus we see, by trans-
forming our second order system to a first order one, by introducing an additional variable the
noncommutativity is naturally induced. Again this result is reproduced by superposition of two
chiral oscillator, which are also first order system. Since the difference in the chiral frequencies
is proportional to the magnetic field the connection of two approaches gets established.
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5.2 Case 2
To show the situation where the momenta are commuting we take λ = 0, then from (11) β = B
m
.
So all the values of parameters are listed below.
α =
1
m
, λ = 0, ω = −k, β = B
m
. (77)
In this case the basic brackets of the Landau problem following from the algebra (16) are
{xi, xj} = B
km
ǫij , {xi, qj} = δij, {qi, qj} = 0. (78)
Note that algebras given by eqs. (50) and (78) are structurally equivalent.
Now we have to find the similar situation in chiral oscillator problem. In the previous
subsection β was taken to be zero in eq. (60). Now to generate commutating momenta λ is set
to be zero. Then we take the following asymmetrical choice of the coefficients from eqs. (66)
b = d = 0 and
a =
ω+√
k(ω+ + ω−)
, c =
ω
−√
k(ω+ + ω−)
.
Putting these values of the coefficients in eqs. (56) and (57) we observe that xi and qi are now
defined by the relations
xi = azi + cyi (79)
qi = amω−ǫijzj − cmω+ǫijyj. (80)
Using the algebra (55) it is easy to show that they satisfy the following algebra
{xi, xj} = m(ω+ − ω−)
mk
ǫij (81)
{xi, qj} = mω+ω−
k
δij (82)
{qi, qj} = 0. (83)
We note that above algebra and (78) also match under the same identifications (62).
In section 2 we saw from Batalin-Tyutin extended space framework of generalized Landau
problem how the usual (commutative) and noncommutative Landau models were related by
gauge transformations. Now we have discussed an alternative approach where the general
problem is expressed, through certain parameters, by a doublet structure. The similarity is,
different parametric choices correspond to distinct gauge fixings in the extended space approach.
6 Analysis for Non-constant Parameters
In this section an interesting type of non commuting structure is obtained which looks different
from (16). The results are purely classical and any type of quantum mechanical effects are not
discussed here. Let us consider a general case where α, β, ω, λ of eqs. (8) and (9) are functions
of xi(i = 1, 2). Following the same method as discussed in section 2 we can easily show, eqs.
(14) and (16) imply correct equations of motion (8) and (9) under r˙i = {ri, ρ},ri(= xi, qi) even
for non constant parameters.
We use the Jacobi identity
{xi, {q1, q2}}+ {q1{q2, xi}}+ {q2, {xi, q1}} = 0.
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This yields
mβ∂iλ− ω
k
∂iω = 0. (84)
We use two other Jacobi identities
{xi, {x1, q1}}+ {x1, {q1, xi}}+ {q1, {xi, x1}} = 0
{xi, {x2, q2}}+ {x2, {q2, xi}}+ {q2, {xi, x2}} = 0
and obtain β∂iω − ω∂iβ = 0. From this equation we get a solution
β = −θω, θ is a constant. (85)
Put this expression in (84) to get
θ∂iλ+ ∂i
ω
km
= 0. (86)
At this point we recall eq. (15) i.e. α = − ω
km
. This equation is still valid for non-constant
parameters because in calculating {ρ,H} from eqs. (13) and (14) nontrivial brackets were
between xi, π
x
i and between qi, π
q
i . So we can write the above eq. (86) as
− θ∂iλ+ ∂iα = 0. (87)
We define a new variable B by the relation
λ = αB. (88)
Now eq. (87) can be written in terms of B as,
(1− θB)∂iα = θα∂iB. (89)
The above equation gives a solution for α,
α =
1
m(1− θB) =
1
m⋆
(say). (90)
Thus using eqs. (88) and (90) λ = B
m⋆
. From eqs. (15) and (90) ω = −k m
m⋆
, and from (85) we
get β = k m
m⋆
θ.
In terms of the above new parameters we get the following commutation relations from (16)
{xi, xj} = m
m⋆
θǫij , {xi, qj} = m
m⋆
δij , {qi, qj} = m
m⋆
Bǫij .
This type of algebraic structure for the non-constant parameters has similarity with that of the
group theoretical structure analyzed by Souriau[7]. So the algebra thus obtained can be seen as
a physical realization of Souriau’s method. Various quantum mechanical consequences of these
brackets were studied in the reference[6].
7 Conclusions
Let us now emphasize the significance of our work. The generalized Landau problem can be re-
garded as a constrained Hamiltonian system for which a first order formulation is most natural.
In this formulation the number of variables is doubled; moreover second class constraints occur.
The Poisson brackets therefore get replaced by the Dirac brackets which are finally elevated to
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the level of commutators. The Dirac brackets among both sets of dynamical variables lead to
noncommuting structures.
Next, we have embeded this second class system in an extended space by introducing new
pairs of canonical variables such that the original system is converted into a first class one.
This embedded system is therefore considered as a true gauge theory. By choosing the unitary
gauge which amounts to setting the new variables to zero, the original second class system
is recovered . We have then discussed two particular gauge choices in some details. These
choices are done such that, in either case, the two sets of dynamical variables can be regarded
as coordinates and their conjugate momenta. However one gauge choice leads to commuting
coordinates but noncommuting momenta while the other choice yields commuting momenta
but noncommuting coordinates. Since these distinct structures follow from the same master
gauge theory, a duality is established between them.
We have also discussed an alternative approach where the original model is regarded as
being composed of doublet of models. Different parameterizations of this doublet correspond
to different gauge fixings in the embedding approach. In this way complete equivalence between
these two formulations is established.
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